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We consider the problem of a stationary convective diffusion of a substance, dis-
solved in an incompressible fluid flow on the surface of a particle moving with
constant speed in a shear flow field, We assume that the flow over the particle

is inertia-free and that there is total absorption of the dissolved component on

its surface, In the diffusing boundary layer approximation we determine the con-
centration field and obtain expressions for the total diffusing stream of a substance
on the surface of a solid spherical particle and on the surface of a spherical drop
(bubble),

1, The flow field, In arectangular Cartesian coordinate system fixed to the
center of a moving spherical particle (drop) the velocity field of an unperturbed (atlarge
distances from the particle) translational-shear flow can be written in the form

vV = {vxv Uy, v:’} = {'_ax7 —ay, U + 2(12} (1- 1)

Here U is the speed of the unperturbed translational motion of the fluid, @ is the shear
motion intensity, which may assume both positive and negative values,
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We assume that the conditions are satisfied for inertia-free (Stokes) flow over the par-
ticle, i, e, we assume that

R ="Ualv<1, R,=la|a?/v1 (1,2)

(v is the coefficient of kinematic viscosity of the flow, and a is the radius of the par-
ticle), In the Stokes approximation the distribution of velocities in the fluid in the flow
of the stream (1,1) over the particle is a superposition of the velocity fields correspond-
ing to homogeneous translational and homogeneous shear flows over the particle,

We employ the following expressions to describe the distribution of velocities (see, for

example. [1. 2D 4 (r, 8) = wu (r, ©) + g (-, 6) (1.3)
Pu(r,0) == 27— @) (2 o — My — M, -2 ) sin?0

3
$a (r, 0) = aa"(%—%Ml ~1—%M2 :—:) sin®0 cos O

_ B4 _ B
Mi=-ggr> M=g3r

=1 . T4
(”r— Fsin® 9 ° ° T T Tsin® 6r>

In writing the expressions (1, 3) we used a spherical coordinate system, fixed at the par-
ticle center (drop center), in which the angle 6 is reckoned from the direction of the
translational flow velocity, and §3 is the ratio of the dynamic viscosities of the drop and
of the surrounding fluid (the case of the solid particle corresponds to 3 — oc). In the
case of the drop we assume, in addition, that the Weber number is sufficiently large (the
drop remains spherical) and that there are no surface-active substances in the system,

As an example of a flow of the type (1,1) we cite the instance of the flow field over
a particle moving in a confuser (diffuser) under conically converging (diverging) soeam
conditions, In actuality, if we neglect the influence of the walls, the flow far from a par-
ticle, moving with speed Up along the axis of the conical confuser (diffuser), may be de-
scribed by a superposition of a translational flow with speed —U, and the flow field
(source field) located at the cone vertex, In the coordinate system fixed to the particle
center the potential of this flow is given by

vor ()2

= —~U_rcos0
Poo p T Toum

S L
Y= 2 F (1 — cos 1)

roy = {2+ ro? —2rrq cos 0)"z,

Here r, is the distance from the particle center to the cone vertex, 2y is the opening
angle of the walls, and ¢o'is the fluid outflow rate, Expanding the quantity 1/r,, ina
series in powers of the ratio r/r, and limiting ourselves to second order terms, we ob-
tain, apart from a nonessential constant,
vo 3cos2 @ —1

r
To

P = (vo—Up)rcose +
This potential corresponds to the flow field (1.1) if we put vy — Up = U and @o/ro =q.

2., Formulation of the di{ffusion problemn., We assume that the fluid
contains a dissolved substance which is completely absorbed on the surface of the particle,
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The Schmidt number is large for the majority of liquids, so that, along with the condi-
tions (1,2) for the Reynolds numbers, the following conditions turn out to be satisfied for
the Péclet numbers (D is the diffusion coefficient);

P=Ual/D>1, P,=lalal/D>1

Consequently, in determining the diffusion inflow of a substance on the particle surface
we can use the diffusion boundary layer approximation and write the convective diffu-
sion equation in the form

de v Oc 1 9 (5 o
gt =D (7 5 @D

Here ¢ is the concentration and the velocity components v,, v, are determined from
the relations (1, 3),
Making a change of variables from r, 6 to the variables 1, 0, we obtain, instead of

Eq, (2.1), the equation

i__ . _(9_ op dc 9
o = DsmBalp (r’—a—’-w) (2.2)

In Eq, (2, 2) there appears the product 7294 / gr, which it is necessary to represent in
the form of a function of 1, 8. In the diffusion boundary layer approximation this pro-
duct is considered in the region r — a < a. In accord with the relations (1, 3) we can
represent the principal terms in the series expansions of the stream functions 1; and ¥,
in powers of r — a for the solid particle (3 — o) and for the drop (3 < P'2) ,re-
spectively, in the form

P, = —43—U(r—a)2(1 + ®,cos 0) sin?0, o, = 10%1 (2.3)
Py = %_[3-‘1_(:—1 (r—a)(1 4 v;cosB)sin? 0, m,=6% (2.4)

We wish to emphasize that when 3 — O the expression (2,4), and those which follow
from it, do not yield a limiting passage to the particle case,

For the determination of the diffusing stream, Eq, (2, 2) must be supplemented by boun-
dary conditions, which, for the case considered, have the form

P> 400, c>c; Y=0,c=0; 0=28,c=c¢ (2, 5)

Here ¢, is the concentration of the dissolved substance away from the particle and 0, is the
angle defining the position of points on the particle surface at which the diffusion bound-
ary layer originates,

The first of the conditions (2, 5) expresses the constancy of the concenwation out-
side of the diffusion boundary layer, the second corresponds to the assumption of complete
absorption of the dissolved substance on the particle surface, The third cendition is con-
nected with the use of the diffusion boundary layer approximation and expresses the equa-
lity of the concentration to the value ¢, on stream lines arriving from infinity and ter-
minating at points where the boundary layer originates,

From the form of the stream function (2, 3) for the flow over the particle it follows
that the form of the boundary layer and the angle 0, depend on the magnitude and the
sign of the parameter @, characterizing the relative intensity of the shear and transla-
tional motions, Four different types of flow over the particle are possible; these are
indicated schematically in Fig, 1, where the cases a to d correspond to the following
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values of the parameter w,and the an-
gle 0,:

a) 0 < (l)s < 1, 00 = It

b) ;>1, 6, = arccos (— %)

8

C) _1<ws<0, 90:3.[

0, 0<COCO,
n,0, <0’
0, = arccos (— %)

8

d) ms<_17 60:{

Similar cases hold for the flow over a
drop (in the corresponding expressions
for which the quantity ¢y, appears instead
of the quantity ).

3, Diffusion on a solid particle, In the general case the problem (2, 2),
(2. 3), (2, 5) can be represented in the form

ac a y, O

3 = w97 (19 7)) (3.1)
0,

t=1(0, 0, :signwsDa2(3U)‘/2Ssin2x|1—}—mscosxl‘/adx
8

|1PS|—>OC,C-—>CO; ws:O’CZO; t:O,C——:Co

The solution of the problem (3, 1) has the form

z 1/
b \Us vy [ 4 4 A
C = (g <T> r (T>Sexp (_—9— n3> dny Z = T (3.2)
0
The expression (3, 2) enables us to determine differential and integral fluxes of a sub-
stance onto the particle surface ; thus, we have

j(® =D (%—)r:a =D (% alalpSI ) b=0

(3.3)

I =2ma$ j(6) sin 6.0

We consider individually the four cases indicated above,
a3) 0<< 0, << 1, $ >0, 8, = m. For the local diffusion afflux on the par-
ticle surface we obtain sin 0 (1 + o cos 9) s
J(0) = 1° (@ + 1) oo
[A(m, p)— A(®B, p)]T (3.4)

o co (UD2>1/, . 20
= 6T (4s) \ @2 = o, +1

4
A(p k) = Ssin%c(l — k?sin? —%—)ll’d:c = %(1 —Bcoscp—-%> X
0
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, L eVE 8 (A—E2—k) f
smtp(i—-kgsln27> - F<Tsk>+
16 M—r 1 o/ ¢

EE I R E(Tk)

Here F (9 / 2, k) and E (@ / 2, k) are elliptic integrals of the first and second kinds,
For the total flux we obtain from (3, 3) with the aid of (3,4) the expression
I (0s) = I°(os + 1)B A (=, p)Is, I° = 3na?j° (3.5)

b) s > 1, 0, = arccos (—1 / ®;). In this case the diffusion flux distribution
on the surface of the sphere has different forms on the front (0, < 8 <C s)and rear
(0 << 0 <C B¢) portions of the sphere, Using the relation

A, k) = 733— y: | <2arcsin (fz sin %}—-) - }

&
we obtain 1, : 1,
10) = 2w,) . sin@[1 4 o cos 0 1 (3.6)
(@~ D™ [4 (%, ¢) — A (2 arcsin ( gt cosi) ﬂ/a
y 2 * q
. o, —1 _
q- = 2w L) 60 = e < T
s
. . ()" sin (1 - w_ cos §)7*
](e) = ]o 81 2], - ) s
(@0, +1) [A (e, p7) — A <2 arcsin <psin T) , p“1>]
20
P e 0<0<0 @
The total diffusion flux of the substance on the particle surface is equal to
(@, — 1" A -
I(o)=1° {“SQT [A (“14)]”+—*§“&;;’—[A (, p7)] "’} (3. 8)

Here and henceforth, the values of j°, /° and the function A (g, k) are determined in
accord with the relations (3, 4) and (3, 5),
¢) —1 < 0s <0, 8, = m. For the differential and integral fluxes we obtain

(0 o - sin B (1 — | o, | cos 0)" . 2] 39
1) = j°(Jo |+ 1) [A@—-0,p P=erT @9
I{os) = I°(los | + 1) [4 (w, p) (3.10)

d) o< —1, §p = m for 0;<C 8 < mwand B, = 0 for 0 <0< G,
0, = arccos (1 / | ws |). For the diffusion flux distribution on the front (8, << 6 < )
and rear () < 6<C 0,) portions of the sphere we obtain, respectively,

] L 2legpyt sin @ (1 — | &, | cos )"/
j@) =7 5 (3.11)
(o -+ 1" [A <2 aresin (p cos —2-) , p“»)]
i< m
_ . @lo P sin 0 (} @, | cos 8 — 1)

- 2/' 6 l/
(o, |—1)7 [A <2 aresin <q“1 sin T) , q:l '
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L kR PP
q—msT‘v < <9

The total flux on the whole particle is equal to
o] (o l ) (o] + 1)'s e

Of greatest interest in the applications is the value of the total diffusion afflux on the
particle surface, Using the relations (3, 4), (3, 5), (3. 8), (3.10) and (3, 13), we obtain an
expression for the Sherwood number, defined along a particle radius, in the form

— 1y Vs
h = 501/4 ) (los | +1)'tB (p) PP, o, <1 (3.14)
Sh — — L, (o, |— 1% (o +0% 1] o
[ >1
1— k) @ — ke _
By = [L=HE= k) — 2 Holit E(k)]

Here K (k) and E (k) are the complete elliptic integrals of the first and second kind,

respectivelv. The dependence of the quan-

tity Sh P™ on | @ | is shownin Fig, 2, 0.7
The results obtained here confirm the

essential influence of the shear flow onthe

0.7 o7 T -
Shp
| /

| /

0.6 ___\V 0.5
] “ Yy j
. | 0.

0 1 2 [w, | 0 ! Z el

Fig, 2 Fig. 3

sn([w)’/lp"fz

0.6

0.5

mass transfer, In the special case | s | = 0 the relations (3, 4), (3, 5) or (3, 9), (3,10)
yield the results obtained in [1] for translational flow over the particle; when |ws| — o0
the relations (3, 6) — (3, 8) and (3,11) — (3, 13) correspond to the results deduced in [3,
4] for a particle in a homogeneous shear flow,

4, Diffusion on a drop (bubbla), We can write the problem (2. 2), (2, 4),
(2. 5) in the form

dc 9% Da2U 4,1
7:311)—?, t= B_Fi)S(i-}-ochosB)sm?‘GdO (4.1)
[Py | = 00, ¢— co; 1]Jf_~0,c:0; t=20, ¢c=g¢

Its solution is
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exp(—n’)dn, z= %I— (4.2)

2¢0

Vn
Using the expression (4, 2), we determine differential and integral diffusion fluxes on the
drop surface in accord with the expressions (3. 3) for the various cases of flow over the
drop, For the cases (a) and (c) the diffusion flux distribution over the drop surface has

the form (1 —cos8) (1+ w,cos 0)
. . . [ DU )]v, (4.3)

[¥/s 2 — cos 8) — Yaw, (1 — cos 0)2]2 2ma (841
Integrating the expression (4, 3) over the drop surface, we obtain

1:4]/ ¢o g‘iﬁ] (4.4)

It is evident that the presence of the shear flow has no effect on the total diffusion afflux
of the substance on the drop surface for | w; [ <C 1.

In case (b) the diffusion flux distribution on the front and rear portions of the dropsur-
face is described by the expression

N S 3

©/*sin2 0

(B) = i
1O)=1 [Ya0F (2 — cos?8) — Y12 (1 — 20; cos 8y (4.5
Integrating the expression (4, 5) over the whole drop surface, we obtain
I = dna?j° [T (0f) + L (wy)] (4.6)
2 @ 1 1
) ST
e (@) = by 7 e~

In case (d) the diffusion flux distributions on the front and rear portions of the drop
have, respectively, the forms
. ] (1 —cos0) (1 —|w,|cosB)
IO =T G e ey T
8, <0< m, B =arccos(1/]w;])
) - (14 cos8) (Jo,]cosd —1)
10y=1 [— Y5 (2 + cos 8) +/a| @, |(1 + cos 6)2]" ’

(4.7)

0< 88 4. 8)

Integrating the expressions (4, 7) and (4, 8) over the front and rear portions of the drop,
we obtain for the integral flux the result

I = 4na® [L, (| of f) + L2 (| o )] (4.9)

Of greatest interest in practical applications is the value of the integral flux, Using
the relations (4, 4), (4, 6) and (4, 9), we obtain for the Sherwood number the results

5h~]/ (B+1)‘12P‘ fos <1 (4.10)

e

(1 — 1) Uorl )] @+ 0Pt o>
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The dependence of the quantity Sh (3 - 1)z P—* on | w; | is shown in Fig, 3, This
quantity remains constants for {w, | <C 1 andincreasesas | oy | increases for | ®; | > 1.

In conclusion we note that in the limiting cases of homogeneous translational (®; —
0) and homogeneous shear (| @, | > oo) flows the expressions (4,10) and (4, 11)agree
with those obtained earlier in [1, 3, 4],

The authors thank G, Iu, Stepanov for valuable comments,

REFERENCES

1, Levich, V,G,, Physicochemical Hydrodynamics, Prentice-Hall, Englewood
Cliffs, N.J,, 1962,

2, Taytlor, G,I,, Viscosity of a fluid containing small drops of another fluid, Proc,
Roy, Soc, A,, Vol,138, N 834, 1932,

3, Gupalo,Iu,P, and Riazantsev,Iu,S,, Diffusion ona particle in the shear
flow of a viscous fluid, Approximation of the diffusion boundary layer. PMM
Vol, 36, N3, 1972,

4, Gupalo,Iu,P, and Riazantsev,Iu,S,, Heat and mass transfer from a
sphere with a chemical surface reaction in a laminar flow, Acta Astronaut, ,

Vol.1, N7, 8, 1974, Translated by LLF. H,

UDC 539, 3
STATIC AND DYNAMIC CONTACT PROBLEMS WITH COHESION

PMM Vol, 38, N3, 1975, pp, 505-512
V. A, BABESHKO
(Rostov~on-Don)

(Received March 20, 1974)

Systems of integral equations, originating in plane and axisymmetric contact
problems of elasticity theory in the case of cohesion of a stamp to a body, are
studied, A method is developed which is based on factorization of mawix func-
tions of a special kind and its foundation is given, Applications of the method
in static and dynamic problems are presented, The methed is especially effect-
ive in dynamic contact problems of stamp vibration on the surface of a layered
medium or a cylinder,

Other methods of solving contact problems with cohesion have been proposed

inf1-8]
1, Systems of integral equations of the following two kinds
2
Z rmngn:fm (.I), zeEQ, m=1,2 1.1)
n=1

a

mnn = 5= S SRmn (w) eivl~-2dug, & dE, Q={—a, al (1.2)




